Abstract The bound state Bethe-Salpeter amplitude was expressed by Nakanishi in terms of a smooth weight function g. By using the generalized Stieltjes transform, we derive an integral equation for the Nakanishi function g for a bound state case. It has the standard form g =V g, whereV is a twodimensional integral operator. The prescription for obtaining the kernel V starting with the kernel K of the Bethe-Salpeter equation is given.
calculations. However, this problem is much more complicated to deal with than in the Euclidean space.
Another efficient approach to solve the BS equation, proposed in [4] and developed in a series papers [5, 6, 7, 8, 9, 10, 11, 12] , relies on the Nakanishi representation [13] of the BS amplitude Φ(k, p) in terms of a non-singular weight function g(γ, z). This representation reads:
where κ 2 = m 2 − 1 4 M 2 , m is the constituent mass and M is the total mass of the bound state (p 2 = M 2 ). Once g is known, one can compute the BS amplitude by means of (1) and express through g the observables, like the electromagnetic form factors [14] . For the massless ladder exchange (µ = 0), the integral (1) turns into a one-dimensional one (over z ′ only). This 1D representation was used to solve the BS equation long ago, before inventing by Nakanishi the representation (1), in the pioneering researches by Wick [2] and Cutkosky [15] .
In [5] , the following double integral equation for the Nakanishi weight function g was established:
(written symbolically asL g =V g) where V is expressed via the BS kernel K. The solution g of the equation (2) was found in the case of an OBE ladder BS kernel in [5] and for the ladder plus cross-ladder one in [6, 16] . Equation (2) contains integral terms in both sides, though the integral in the l.h.-side is one-dimensional. This fact generates some instability of its numerical solution, since the discretizing of its l.h.-side results into an illconditioned matrix [5] . An equation for g, getting rid of the left-hand side integral term of (2), was first derived in [7] . It has the following form:
Like in (2), the r.h.-side of the equation (3) contains the double integral. This derivation was based on the uniqueness 1 of the Nakanishi representation (1) and it was fulfilled for the ladder kernel only. The analytical expression for the kernelV in eq. (3) is given in [7] and also below in Sec. 2. The straightforward application of the derivation [7] to the same equation with a non-ladder kernel would meet some algebraic difficulties.
In a recent work [17] another method of transforming (2) in the canonical form (3) was found. It does not rely on the uniqueness of the Nakanishi representation nor on the ladder kernel but on using the explicit form of the inverse operatorL −1 in equationL g =V g for an arbitrary kernel. It was indeed noticed that the integral in l.h.-side of (2) is the generalized Stieltjes transform whose inverse operatorL −1 was derived in [18] . We will review in this contribution the main steps of [17] and give simplified expressions for the kernelV =L −1V in (3). In addition, we will study the limit of exchanged mass µ → 0. We will show analytically that in this limit the equation (3) turns into the Wick-Cutkosky equation [2, 15] .
Deriving the integral equation for g
The results that follow are based on the observation [17] , that the integral in l.h.-side of (2) can be trivially related to the Stieltjes transform which is inverted analytically [18, 19] . For the integral relation in the form, close to the l.h.-side of eq. (2):
denoted symbolically as f =L g, a straightforward application of the inverse Stieltjes transform to (4) gives
By applying the inverse integral transform (5) to both sides of the equation (2), we obtain the equation for the Nakanishi weight function g in the canonical form (3), where
The relation between the original kernel K appearing in the BS equation and the kernel V in (2) and (6) was derived in Ref. [5] . In the case of the OBE kernel
V takes the form [5] :
where:
,
The kernel V of Eq. (3) is determined by inserting (8) in the integral (6) . As mentioned in the Introduction, the canonical form (3) of Eq. (2) was first derived in [7] under the hypothesis of the ladder kernel and an expression for the kernel V was found. 2 We calculate analytically some integrals and transform the kernel [7] to the form:
The function h is obtained from eqs. (27), (28) in [7] :
The first term Q is given by
where the integrand is given by
and
The argument η of the theta-function in the second term in (11) reads
The function P (γ, z; γ ′ , z ′ ) in (11) has the form:
where
, a misprint in the kernel sign in [7] was corrected here and in [17] . 3 A misprint in eq. (28) of [17] for χ(y) was corrected in (12):
Kernel V is determined above by two quite different expressions: eq. (6) found in [17] and eq. (10) found in [7] . It has not been possible to prove their identity analytically but only by their numerical comparison [17] . It is worth noticing however that, contrary to V , kernel V displays some singularities in variable γ and requires some careful treatment.
The coupling constants α and the Nakanishi functions g(γ, z) for selected values of M and µ found in [7] from equations (2) and (3) coincide with each other within numerical accuracy as well as with the Euclidean BS results.
The limit µ → 0
In the µ = 0 case, which constitutes the original Wick-Cutkosky model [2, 15] , kernel (8) obtains a simple analytical form:
Inserting this expression in (6) and integrating over φ one gets for V:
Following [5] , we look for a solution of (3) in the form
This form is justified provided the equation for g(z) does not depend on γ. Substituting the former expression in (3), we obtain:
Integrating 4 both sides of (17) over γ we find:
with
which exactly coincides with the Wick-Cutkosky equation [2, 15] . Notice that the same limit µ → 0 can be derived starting from (3) and kernel (10).
Conclusion
Starting with an equation for the Nakanishi weight function g of the BetheSalpeter amplitude in the formL g =V g, previously established in [5, 6] , and using an analytic inversion of the Stieltjes integral transform, we transformed this equation in the canonical form g =Vg.
This result generalizes, to an arbitrary kernel given by a set of irreducible Feynman graphs, the equation found in [7] which was stablished for a ladder kernel. This generalization strongly expands the applicability of the Nakanishi representation to find the solution of the Bethe-Salpeter equation, as well as its applications. Equation (3) can be extended straightforwardly to the twofermion system starting, for example, from [9] .
The possibility to apply an analytic inversion of the Stieltjes transform can be useful in other fields of nuclear and hadronic physics, where the use of integral transforms was pioneered by [21, 22, 23] , in order to avoid the instabilities of the numerical inversion.
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